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Vibratory Characteristics of Cantilevered Rectangular
Shallow Shells of Variable Thickness

K. M. Liew* and C. W. Limt
Nanyang Technological University, 2263 Singapore

In this paper, a comprehensive study on the modeling of vibratory response of variable thickness cantilevered
shallow cylindrical shells of rectangular planform is carried out. Through the principle of minimum total energy,
the equations of stretching and bending strain energies, kinetic energy, and the associated boundary conditions
of the shells are derived. The present model is developed based on the Ritz formulation with the assumption of
sets of mathematically complete admissible two-dimensional polynomials to approximate the in-plane and
transverse displacement amplitude functions. A basic function is introduced in the approximate method to
enforce automatic satisfaction of the kinematic boundary conditions. Sets of comprehensive reasonably accurate
vibration frequencies of the shallow shells are presented for wide ranges of aspect ratio, thickness variation
ratios, and shallowness ratio. These results, where possible, are verified by comparing with other established
experimental and theoretical solutions. Few selected contour plots for the first known mode shapes of these
cylindrical shells of variable thickness are included.

I. Introduction

V IBRATION analysis of shell structures has long been a
subject of extensive research owing to its practical impor-

tance in structural, mechanical, and aerospace applications.
Exact solutions to this problem were not sought due to the
algebraic complexity of the equations and, therefore, approxi-
mate methods must be resorted to for such analysis. There are
numerous numerical approaches adopted by researchers, such
as the finite element method, the boundary element method,
and the method of variational principle of minimum total
energy. Of late, the energy method, particularly the Rayleigh-
Ritz method, has received intensive attention in the vibration
of plates and shells of a variety of specifications, configura-
tions, and boundary conditions. This method is widely accept-
able due to its simplicity in implementation and capability to
provide satisfactory results.

A relatively complete study by Leissa1 summarized most of
the related work on shell analysis that had been done before
1973. In addition, Lee et al.2 also presented a numerical study
on vibrations of blades with variable thickness and curvature
using shallow shell theory. Comparisons of flat plate results
with spanwise and chordwise tapers as well as twisted plate
and cylindrical shell with chordwise tapers were performed.
Olson and Lindberg3 did an excellent experiment on the uni-
form and tapered steel fan blades, and the results were verified
by numerical methods employing the finite doubly curved
triangular elements (PER). The experimental and computa-
tional results were further examined by Walker4 using the
doubly curved helicoidal shell elements. Deb Nath5 conducted
an experiment on the natural frequencies of a fully clamped
aluminium cylindrical shell, and the outcome was compared
by Petyt6 to some theoretical and computational predictions.

Leissa et al.7'8 applied the Rayleigh-Ritz minimum total
energy method to a number of problems ranging from plates
to shells. They employed the simple polynomials to approxi-
mate the in-plane and transverse displacement amplitude func-
tions to solve the vibration of cantilevered7 and rotating
blades.8 Leissa and Ewing9 further studied the vibration of
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turbomachinery blades and also made a comparison between
the beam and shell theories. Cheung et al.10 used the finite
strip method to investigate the free vibration of circular secto-
rial plates, the fully clamped cylindrical shell initiated by Deb
Nath,5 the fully clamped conical shells, and the elliptical
shells. In the past, relatively few researches, besides Lee et al.,2
Olson and Lindberg,3 and Walker4 have dealt with vibrations
of shells with variable thickness. This is the key subject of the
present study.

The pb-2 Ritz method extensively applied by Liew and his
co-workers11'13 to study the vibration of flat plates is now
extended to shell analysis in the present study. It is computa-
tionally efficient and, in principle, able to provide numerical
results as accurate as required depending on the capability of
the computing machine. This approach was used recently by
Lim and Liew14 to study the flexural vibration of a uniform
thickness cylindrical shell of rectangular planform subject to a
variety of boundary conditions. The unique feature of this
method lies in the employment of the admissible pb-2 shape
function which comprises the product of 1) a complete set of
orthogonally generated two-dimensional polynomials and 2) a
basic function formed from the product of the geometric
equations of boundaries, each raised to an appropriate power
corresponding to a free, simply supported or clamped edge,
respectively. The in-plane and transverse functions in the pre-
sent study are expressed in these shape functions. A linear
two-dimensional thickness variation function is also intro-
duced to provide for the variations in shell thickness. A similar
linear one-dimensional thickness variation function was used
earlier by Liew and Lim13 for the analysis of transverse vibra-
tion of symmetric trapezoidal plates of variable thickness.

The main objective of the present study is to investigate the
effect of variations in shell thickness on the natural frequen-
cies of flexural vibration of a cantilevered shallow shell, em-
ploying and extending the classical Ritz formulation with gen-
eral pb-2 shape functions. The accuracy of the solutions is
verified by comparison with some experimental and computa-
tional results available from the open literature. Convergence
of the numerical results are thoroughly checked. Sets of rela-
tively comprehensive nondimensional vibration frequency
parameters for wide ranges of aspect ratio, shallowness ratio,
and thickness variation ratios are presented. In addition, some
selected contour plots representing the in-plane and transverse
mode shapes are included. The effects of certain geometric
parameters such as the thickness variation ratios and the shal-
lowness ratio are discussed.
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II. Theoretical Formulation
A. Problem Definition

Consider a homogeneous, isotropic, thin shallow cylindrical
shell of rectangular planform with varying thickness along the
x axis and/or y axis as depicted in Fig. 1. It has a rectangular
planform of length a, width b, radius of curvature Ry in the
chordwise (i.e., y) direction, thickness h(x,y), and linear
thickness variation ratios ax and ay in the x and y directions,
respectively. The planform is bounded by - a/2 <x <a/2
and - b/2 < y < b/2, and the reference thickness hQ is located
at ( -a/2,-b/2) . Also, axh0 is the shell thickness at (a/2,
-b/2) whereas ayh0 is the shell thickness at (-a/2, b/2). The
shell is clamped at x = -a/2 and is deemed CFFF hereafter.
The displacements are resolved into three orthogonal compo-
nents M, v, and w with respect to the midsurface of the shell
with u along the x axis, v tangential to the midsurface, and w
normal to it. The problem is to determine the vibration fre-
quencies and mode shapes of this CFFF shallow shell.

B. Formulation of Energy Functional
The total strain energy, Hi of a homogeneous, isotropic,

thin shallow cylindrical shell with variable thickness is com-
posed of the membrane strain energy CU5, due solely to the
stretching effects of the midsurface and the bending strain
energy "U^ of the shell, i.e.,

1J — 01 + 01LU- — tL5 T U.£

and the strain energy components can be expressed as

[b/2 [ a / 2 D(x,y) [
<U* = 6 V *( (ex + ey)2

(D

-2(\-v)(exey--y2 1 1 d* dy (2)

and
b/2 f a/2

where the flexural rigidity D(x,y) = Eh3(x,y)/l2(\ - v2), E is
Young's modulus, v is Poisson's ratio, and A is the Laplacian

operator defined as (d2/dx2 + d2/dy2). The strains of the mem-
brane can be expressed in terms of the displacements as

du

dv w

dv du

(4a)

(4b)

(4c)

The kinetic energy is given by

?b/2 ra/2 r / \ 2 /d X 2 /fl yi

3 = ^ M^) (-T-) + ( - 7 - ) + ( — ) U^dj (5)
2j-6 /2j -a /2 L\^/ \dV \ d f / J

where /o is the mass density per unit volume. The linearly
varying shell thickness can be expressed as

h(x,y) — ho g(x,y) (6)

where g(x,y) is the thickness variation function to be given in
due course. The flexural rigidity of the shell is given by

(7)

where D0 = £7*0/12(1 - v2) is the reference flexural rigidity.
Assuming the free vibration amplitude to be small, the

displacement functions then take the following forms:

u(x,y,t) = U(x,y) sin cot

v(x,y,t) = V(x,y) sin ut

w(x,y,t) = W(x,y) sin wt

(8a)

(8b)

(8c)

where w denotes the angular frequency of vibration. Using
Eqs. (4a-4c) and (8a-8c), the strain energy and kinetic energy
components, Eqs. (2), (3), and (5), can be simplified to the
following expressions:

6A)
C LlsJmax ~ , 2

"0

b/2 Pa/2

g
'•0 J ~b/2J -a/2 dx + R

W8V
2 — —-

Ry dy
d L J f d V W
dx \dy + Ryt

\-v 'd_V\2

dx)

Fig. 1 Geometry of the cylindrical shell with A:- and >>-varying thick-
ness.

^ fdU\2
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a _umax —
2 J -6/2J -a/2

(9a)

(9b)

> ? b / 2 f1 a/2

» ' g(x,y)(U2 + V2 + W2) djc d^ (9c)

where (cU5)max, (^^max. and 3max are the maximum stretching
strain energy, maximum bending strain energy, and maximum
kinetic energy in a vibratory circle, respectively. Let $Fmax be
the total energy functional given by

^max = U-max ~ ^max

where Umax is the sum of Eqs. (9a and 9b).

(10)
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C. Formulation of Governing Eigenvalue Equation
A nondimensional coordinate system is introduced, for sim-

plicity and generality, as follows:

%=x/a

rj=y/b

(lla)

(lib)

where a and b are the length and width of the shell planform
as shown in Fig. 1. Therefore, the nondimensional thickness
variation function can be expressed as

£(£,r j )>0 (12)

Moreover, the displacement amplitude functions (/(£,TJ), ^(£,17),
and W(%,f)) can be approximated by two-dimensional polyno-
mials of the forms

^ (£»i?)= ZJcw/<£M/(£,i7) (13a)
/ = i

m

(13c)

where CM/ , Cv/ , and Cm are the unknown coefficients and </>w/ ,
(/>w, and </>„,/ are the corresponding pb-2 shape functions to be
discussed in due course.

The geometric boundary conditions for the clamped edge at
£ = -0.5 are

U\i= -o.5 = 0 (14a)

K l € = _o.5 = 0 (14b)

^ l t = -o.5 = 0 (14c)
and

(14d)
£ = - 0 . 5

The total energy functional in Eq. (10) is then minimized with
respect to the coefficients according to the Ritz principle,

= 0 (15a)

~~dCv/

Substituting Eqs. (13a-13c) into the equivalent maximum en-
ergy forms in Eqs. (9a-9c) results in

i labD* 1L^UUJ^Q \ I . , r f lOlO , ( ~ \ ' f> CjlOOl

^2 ̂  UJ uiuj ' ^\ ^^ Lj^vj ^uivj

—— y" c 3®^®'
dCui

02

(16a)

~~h2 ~ab ,C"7 ^viuj + ~h~2 ̂ Cvj ^vivj
"0 \_Uvj - \ U j = \

^ cllOOl
-'"7 Jv/M7

1 m \-|
— 7 /^ cllOlO j

" 2 ^4 VJ vivJ I
" 7 = 1 /J

(16b)
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m
2^ ) + 2(1 - v) D CW7- SiJJi-

/ 7 = 1

and

where
°'5

a-,
O'-wi

°'5

rtOOOO

-o.sJ-o.s

(17b)

(17c)

(18a)

(18b)

i (190

:d$dij(l9g)

and i,j = 1, 2, . . . , m. The double integrations are symmetric
and, in general,

3*| = 30* (20a)

(20b)
The minimization of the energy functional as given by

Eqs. (15a-15c) leads to the governing eigenvalue equation as
follows:

12
sym

-X2
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where 0-5)2 (26c)

2 / "
c\\ . . _ „ _ _U-«vy - "I , M ,

h h"0/ \«

(22c)

cjOlOl ,
vivj

.. - - is0100vwu ~ v""' (22e)

*-*= f- ^ ' 12 ' w ' '

W/tt/

0000a _ cfOOO
uvv// Jv/v/

3 .. = ct°000
uww>// Jw/vv/

(22f)

(22g)

(22h)

(221)

(22j)

where /, 7 = 1, 2, . . . , ra, and m depends on the degree set of
polynomials which will be discussed in the next section. The
nondimensional frequency parameter X appears as the eigen-
value in Eq. (21).

D. pb-2 Shape Functions
The pb -2 shape functions for U, K, and W are </>w / , 0V/-, and

0W/, respectively. These shape functions are fundamentally
sets of kinematically oriented admissible functions which are
composed of the product of terms (indicated by /) of a math-
ematically complete two-dimensional orthogonally generated
polynomials (p-2) and a basic function (Z?), i.e.,

where

dr;]

a = w , v and w

(23)

(24)

£/"=!-//(£ J7?) forms a complete set of p-2 functions. On the
other hand, </>al is the basic function defined by the product of
the equations of the continuous piecewise boundary geometric
expressions each of which is raised to a basic power depending
on the types of boundary constraints imposed on the shell, i.e.,

,rj)r'«< (25)
;'= 1

and ot = u, v, and w where ne is the number of supporting edges,
F/ is the boundary expression of the /th supporting edge, and
7a/, (a ~ u, v, and w) are the basic powers. The powers for the
transverse boundary conditions (a. = w) are 0, 1, or 2 corre-
sponding to a free, simply supported, or clamped edge. How-
ever, for the in-plane boundary conditions (a = u and v), the
power is 0 for a completely free edge and 1 for either a simply
supported or clamped edge. For a cantilevered shallow shell,
the corresponding basic functions are

0.5)

0.5)

(26a)

(26b)

The mathematically complete two-dimensional polynomial
T= i//(£> ??) can be expressed as

/ = 1 g = 0 / = 0

with m and /? related by

2)]/2

(27)

(28)

where p is the degree of the complete set of two-dimensional
polynomials employed.

III. Numerical Examples and Discussion
The pb-2 Ritz approach is applied to model the vibratory

behavior of a cantilevered (CFFF) shallow cylindrical shell of
variable thickness. In the current paper, a clamped edge is
given the notation C and a free edge is denoted by F. The
clamped edge is at x = —a/2. The convergence of the approx-
imate method to an upper-bound value is numerically verified,
and a comparison study with experimental as well as finite
element results available from the open literature is carried out.

A. Convergence Study
Two cases are selected to demonstrate the convergence of

the eigenvalues (frequency parameters) of Eq. (21), one with
jc-varying thickness and the other with y-varying thickness
(see Table 1). The aspect ratio a/b investigated is 1.0, whereas
the degree of the complete set of polynomials p ranges from 13
to 18. The corresponding determinants for the eigenequation
(21) can be determined by Eq.(28) which ranges from 315 to
570. The values of x-thickness variation ratio a.x examined are
0.0 (a sharp edge at x = a/2) and 1.0 (uniform thickness); and
for the y -thickness variation ratio oty, the values are 0.0 (a
sharp edge at y = b/2) and 2.0.

It is obvious from Table 1 that the convergence of eigen-
value to an upper-bound value is ensured as the degree of
polynomial increases. For p = 18, the eigenvalues are gener-
ally accurate up to four significant figures except for a few
higher modes (mode 7 and mode 8). On the contrary, the
lower modes (mode 1 and mode 2) are convergent to five
significant figures. For generality, p = 18 is chosen for all of
the computations and five significant figures for the eigenval-
ues are displayed throughout the present paper, bearing in
mind that some higher modes may converge up to three or
four significant figures.

Lim and Liew14 have shown that a uniform thickness shal-
low shell with more boundary constraints (more edges are
simply supported or clamped) has faster rate of eigenvalue
convergence. For example, p = 15 is sufficient for eigenvalues
with five convergent significant figures for a SSSS (fully sim-
ply supported) shallow shell of uniform thickness. It has also
been shown that for a CFFF shallow shell, p = 15 is able to
give eigenvalues as accurate as four significant figures. To
achieve the same order of accuracy for the present case,
p = 18 must be set. Consequently, shallow shells with varying
thickness have relatively slower rate of convergence of eigen-
values.

B. Comparison Study
Olson and Lindberg3 had conducted an experiment on the

flexural vibration of a tapered steel fan blade. The fan blade
has uniform thickness in the x direction (otx = 1.0) and y-
thickness variation ratio ay = 3.4375. Olson and Lindberg3

had also presented the numerical results obtained using the
doubly curved finite elements (FET). Similar calculations had
also been performed by Walker4 using the doubly curved
helicoidal elements (FEH). The results of the experiment for
the aforementioned finite element methods are reproduced in
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Table 1 Convergence study of frequency parameters X = wa£jp/io/A) with increases in
degree set of complete polynomials for the CFFF shallow shells

*> = 0.3, 6//z0=100, b/Ry= 0.5, a/b = l.O
Mode sequence number

p 1 2 3 4 5______6______7

A:-varying thickness, oty = 1.0

0.0

1.0

13
14
15
16
17
18

13
14
15
16
17
18

13.278
13.277
13.275
13.275
13.274
13.274

10.591
10.590
10.589
10.589
10.589
10.588

13.426
13.425
13.424
13.424
13.423
13.423
16.984
16.982
16.981
16.980
16.979
16.978

25.106
25.079
25.055
25.047
25.046
25.044

30.643
30.642
30.641
30.641
30.640
30.640

28.206
28.168
28.163
28.145
28.125
28.117

42.218
42.214
42.211
42.208
42.206
42.205

34.996
34.934
34.878
34.856
34.854
34.848

47.676
47.672
47.668
47.666
47.663
47.662

38.264
38.260
38.259
38.256
38.254
38.253

65.440
65.440
65.439
65.439
65.439
65.439

42.222
42.072
41.938
41.893
41.886
41.873
89.740
89.734
89.727
89.723
89.718
89.715

42.418
42.414
42.411
42.408
42.405
42.403

89.955
89.950
89.947
89.944
89.942
89.939

y-varying thickness, ax = 1.0

0.0

2.0

13
14
15
16
17
18

13
14
15
16
17
18

8.1433
8.1427
8.1422
8.1418
8.1415
8.1412

14.642
14.641
14.640
14.639
14.639
14.638

12.218
12.217
12.217
12.216
12.216
12.216

18.780
18.778
18.777
18.776
18.775
18.774

19.459
19.458
19.457
19.457
19.457
19.456

41.761
41.760
41.759
41.759
41.758
41.758

20.435
20.433
20.431
20.430
20.429
20.429

51.684
51.680
51.677
51.674
51.672
51.670

28.736
28.727
28.723
28.720
28.718
28.717

67.481
67.476
67.471
67.467
67.464
67.462

29.563
29.562
29.561
29.560
29.560
29.560

95.596
95.595
95.594
95.594
95.594
95.593

36.779
36.482
36.400
36.381
36.376
36.373

100.26
100.25
100.25
100.25
100.24
100.24

36.806
36.789
36.786
36.784
36.783
36.781

105.87
105.86
105.86
105.85
105.85
105.85

Table 2 Comparison of frequencies (Hz) of experimental and computational solutions for the CFFF tapered fan blade; values in parentheses
indicate the error percentages with reference to the experimental data

£ = 200GPa, p = 7860 kg/m3, v = 0.3, Ry = 30.0 in., HQ = 0.048 in., a = b = 12.0 in., ax = 1.0, ay = 3.4375

References
Mode sequence number

5 6 7 10 11 12

Experiment2

FET2

FEH3

76.4
78.855
(3.2)
78.99
(3.4)

108
114.10
(5.6)
114.5
(6.0)

202
211.55
(4.7)
210.8
(4.4)

253
258.09
(2.0)
263.0
(4.0)

364
370.60
(1.8)
373.8
(2.7)

426
452.32
(6.2)
454.6
(6.7)

465
480.52
(3.3)
496.8
(6.8)

572
581.32
(1.6)
587.3
(2.7)

677
690.11
(1.9)
695.6
(2-7)

592
755.03
(9.1)
779.2
(12.6)

787
805.75
(2.4)
819.4
(4.1)

808
844.88
(4.6)
880.0
(8.9)

Present method 77.066 111.26 206.23 247.57 360.61 439.46 449.38 564.86 669.66 691.34 782.02 824.78
(0.9) (3.0) (2.1) (-2.1) (-0.9) (3.2) (-3.4) (-1.2) (-1.1) (-0.1) (-0.6) (2.1)

W-Mode Shapes

Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode !

77.066 111.26 206.23 247.57 360.61 439.46 449.38 564.86

Mode 9 Mode 10 Mode 11 Mode 12 Mode 13 Mode 14 Mode 15 Mode 16

I ©

669.66 691.34 782.02 824.78 897.83 981.53 1015.0 1055.1

Mode 17 Mode 18 Mode 19 Mode 20 Mode 21 Mode 22 Mode 23 Mode 24

1209.0 1317.5 1340.1 1355.1 1368.2 1469.8 1509.2 1588.4

Fig. 2 Computational w-mode shapes of the CFFF cylindrical shell with j>-varying thickness.
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Table 2. The error percentages with reference to the experi-
mental data are indicated in parentheses below the corre-
sponding values.

It is observed from Table 2 that the prediction of the present
pb-2 Ritz approach is superior to the two finite element meth-
ods with respect to the experimental natural frequencies. Par-
ticularly, the prediction of the fundamental frequency param-
eter of the present method has only a mere 0.9% difference as
compared to 3.2% and 3.4% of FET and FEH, respectively.
Besides, the error percentages of FET and FEH generally
increase for higher modes of vibration. Calculations of the

present pb-2 Ritz approach have error percentages ranging
from - 3.36% to 3.16%. The discrepancy in experimental and
computational results is probably caused by uncertainties in
Young's modulus, mass density, and tolerances in dimensions
of the test specimen. On the other hand, the computational
vibration nodal lines shown in Fig. 2 are closely comparable to
the experimental results of Olson and Lindberg.3 In Fig. 2 and
all of the subsequent figures, shaded areas indicate regions of
negative displacement amplitude whereas unshaded areas are
regions of positive displacement amplitude. The lines of de-
marcation of the regions are the nodal lines of vibration.

u

v

w
Frequency
Parameter

Mode Shapes

Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8

13.274 13.423 25.044 28.117 34.848 38.253 41.873 42.403

Fig. 3 In-plane and transverse vibration mode shapes of the CFFF cylindrical shell with v = 0.3, a/b = 1.0, b/ho = 100, b/Ry = 0.5, ax = 0.00,
and ay = 1.00.

Table 3 Frequency parameters X = uab^jpho/Do for the
CFFF shallow shells with *-varying thickness

, = 0.3, a/b = 1.0, b/H0=lOO, ay = 1.0

b/Ry

0.0

0.1

0.2

0.3

0.4

0.5

ax

0.00
0.25
0.50
0.75
1.00

0.00
0.25
0.50
0.75
1.00

0.00
0.25
0.50
0.75
1.00

0.00
0.25
0.50
0.75
1.00

0.00
0.25
0.50
0.75
1.00

0.00
0.25
0.50
0.75
1.00

1
5.2406
4.1136
3.7684
3.5867
3.4712

7.9114
6.8280
6.0270
5.5414
5.2141

9.1450
7.8790
8.0185
8.4351
8.3623

10.543
8.8409
8.6839
8.9526
9.3506

11.953
9.9538
9.5207
9.6169
9.9218

13.274
11.137
10.474
10.393
10.588

Mode sequence number
2 3 4 5

7.2352
6.9057
7.4332
7.9860
8.5074

8.5522
7.1793
7.5847
8.1019
8.6097

10.995
10.253
9.5914
8.9063
8.9019

12.036
12.053
12.522
12.156
11.598

12.771
12.882
14.308
14.781
14.543

13.423
13.410
15.280
16.592
16.978

12.195
14.674
17.407
19.474
21.286

14.048
15.659
19.165
22.393
24.767

19.192
17.721
20.215
23.480
26.822

21.817
21.858
22.222
24.633
27.710

23.354
27.110
25.516
26.512
28.908

25.044
30.788
29.674
29.244
30.640

15.067
16.341
19.685
23.422
27.199

19.079
20.942
23.563
25.501
28.226

20.412
24.378
26.985
30.027
33.233

24.688
27.845
30.423
32.960
35.763

26.795
29.798
34.089
36.366
38.846

28.117
32.371
37.583
39.894
42.205

16.689
19.391
23.406
27.257
30.959
20.642
21.864
24.397
27.993
31.551

24.482
26.870
30.569
33.183
35.102

27.923
29.209
33.906
38.240
41.706

32.861
31.186
35.873
40.846
45.412

34.848
33.457
37.587
42.666
47.662

6

18.731
29.440
39.355
47.020
54.191

21.152
29.593
41.129
48.261
55.140

25.909
30.027
41.956
53.239
58.711

30.048
30.976
42.163
53.761
64.895

34.803
33.209
42.408
53.968
65.165

38.253
35.915
42.701
54.195
65.439

7

22.974
30.934
41.712
53.277
61.257

26.343
33.930
41.787
53.370
64.297

29.120
45.330
48.587
53.560
64.603

32.226
49.981
61.966
63.733
66.646

35.303
50.524
69.449
77.176
78.490

41.873
51.078
72.960
82.688
89.715

8

25.298
38.358
46.826
54.321
64.142

29.900
43.786
51.520
58.489
65.029

34.962
49.431
58.690
66.915
73.823

37.143
53.575
64.289
71.993
79.353

39.488
57.262
69.624
77.610
84.548

42.403
61.259
73.930
82.957
89.939
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u

V

w
Frequency
Parameter

Table 4 Frequency parameters A = a>fl&Jp/zo/A) for the
CFFF shallow shells with *-varying thickness

i/ = 0.3, ay = 1.0

Mode sequence number
3 4 5

0.0

0.1

0.2

0.3

0.4

0.5

0.00
0.25
0.50
0.75
1.00

0.00
0.25
0.50
0.75
1.00

0.00
0.25
0.50
0.75
1.00

0.00
0.25
0.50
0.75
1.00

0.00
0.25
0.50
0.75
1.00

0.00
0.25
0.50
0.75
1.00

1.0225
0.80390
0.73705
0.70188
0.67954

2.0792
1.5162
1.2967
1.1759
1.0985

3.6619
2.6559
2.2429
2.0077
1.8524

5.3066
3.8574
3.2496
2.8998
2.6669

6.1914
5.0673
4.2674
3.8041
3.4945

6.4328
6.0915
5.2822
4.7071
4.3217

2.9349
3.1217
3.5345
3.9092
4.2536

5.4309
5.7981
6.2360
6.5501
6.7533

5.7118
5.8398
6.2771
6.5991
6.8604

5.9555
5.9039
6.3389
6.6734
6.9463

6.9368
5.9883
6.4162
6.7663
7.0532

8.5219
6.2692
6.5056
6.8723
7.1748

5.0559
5.7827
6.2212
6.5329
6,7835

8.0816
6.8904
6.6837
6.6764
6.8035

11.104
12.311
11.723
11.435
11.283
12.491
13.407
16.248
16.484
16.169

13.895
14.266
16.858
19.605
21.104

15.339
15.265
17.592
20.281
22.897

5.8238
7.5025
9.1442
10.595
11.935

9.6301
12.252
15.475
17.693
18.372

12.992
12.720
15.779
18.576
21.156

15.229
17.750
16.966
19.028
21.621

16.619
22.852
22.154
21.542
22.212

17.773
27.297
27.181
26.516
25.991

7.8024
12.079
15.366
18.179
20.749

13.490
16.852
17.150
18.281
20.854

17.554
22.470
27.495
29.789
30.089

21.434
24.917
29.243
33.920
38.469

23.658
27.768
31.487
35.847
40.268

25.625
30.898
34.118
38.137
42.390

9.6907
14.030
17.560
20.639
23.469

15.875
20.640
26.362
31.481
34.607

18.880
28.958
29.566
32.433
37.074

23.826
36.560
41.624
42.160
42.454

29.243
38.885
50.772
53.706
54.364

32.284
40.594
56.354
61.468
65.210

11.859
19.892
25.963
31.150
35.868

20.026
29.930
31.420
32.937
36.178

25.096
34.975
41.744
48.706
54.814

28.685
40.105
45.796
52.099
58.483

32.486
45.785
51.964
56.434
62.408

36.489
50.747
59.557
63.796
65.270

12.024
22.738
28.825
34.096
38.928

21.561
30.887
39.016
46.516
53.472

27.692
39.837
51.824
53.525
55.431

30.196
43.615
65.207
71.027
65.228

33.131
48.236
65.554
71.032
65.237

37.897
51.707
66.169
71.039
67.055

Mode Shapes

Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 ModeS

10.474 15.280 29.674 37.583 37.587 42.701 72.960 73.930

Fig. 4 In-plane and transverse vibration mode shapes of the CFFF cylindrical shell with v = 0.3, a/b = 1.0, b/ho = 100, b/Ry = 0.5, ax = 0.50,
and (xy = 1.00.

The order of mode shape arrangement in Fig. 2 is somewhat
different from the arrangement of Olson and Lindberg3 by
ascending calculated frequencies. If we go by the order of
ascending experimental frequencies, modes 14, 15, 16, and 17
of Olson and Lindberg3 should be reassigned as modes 15, 16,
14, and 17 correspondingly. This new arrangement is exactly
parallel to the present arrangement, as shown in Fig. 2. The
fact that the FET method predicts an ambiguous order of
mode shape arrangement further authenticates the inaccuracy

of the result for higher modes of vibration of a shallow shell.
This fact has also been observed and discussed in detail by Lim
and Liew14 recently in dealing with the vibration of a fan blade
with uniform thickness.

The present shallow shell model can also be used to simulate
a flat plate by assigning an infinite radius of curvature Ry-+ao.
The formulation presented in Sec. II reduces to variable thick-
ness flat plate equations of Liew and Lim.13 A comparison of
results using flat plate equations and the present formulation
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(Ry — oo) has been performed, and the eigenvalues are in excel-
lent agreement.

C. Numerical Results and Mode Shapes
Results of the nondimensional frequency parameters X =

are tabulated in Tables 3-6. The thickness varia-
tion ratios ax and oiy are not varied simultaneously where
either one is assigned 1.0 (uniform thickness) at a time. Tables
3 and 4 present the results of x-varying thickness with
c^-0.00, 0.25, 0.50, 0.75, and 1.00, and Tables 5 and 6

present the results of ^-varying thickness with ay = 0.0, 0.5,
1.0, 1.5, and 2.0. The aspect ratios (a/b) investigated are 1.0
and 5.0 which cover wide spectrum of shallowness ratio (b/Ry)
ranging from 0.0 (flat plate) to 0.5.

The effects of thickness variation ratios ax and ay, which
constitute the key subject of the present paper, are extensively
studied and displayed in Tables 3-6. It is observed, generally,
that increases in the ratios result in higher values of X. Since X
is directly proportional to the physical frequencies of vibration
co, it can be deduced that higher thickness variation ratios are

42.205 47.662 65.439 89.715 89.939

Fig. 5 In-plane and transverse vibration mode shapes of the CFFF cylindrical shell with v = 0.3, a/b = 1.0, b/ho = 100, b/Ry •
and cty = 1.00.

0.5, ax = 1.00,

Table 5 Frequency parameters X = uab Jp/io/A) for the
CFFF shallow shells with >> -varying thickness

r = 0.3, a/b = 1.0, b /ho =100, ax = 1.0

b/Ry

0.0

0.1

0.2

0.3

0.4

0.5

Oiy

0.0
0.5
1.0
1.5
2.0

0.0
0.5
1.0
1.5
2.0
0.0
0.5
1.0
1.5
2.0

0.0
0.5
1.0
1.5
2.0

0.0
0.5
1.0
1.5
2.0

0.0
0.5
1.0
1.5
2.0

1

2.3790
2.7128
3.4712
4.4048
5.4257

3.9161
4.6868
5.2141
5.8745
6.6598
6.0777
7.0752
8.3623
8.8249
9.3622

6.8392
7.6232
9.3506
11.435
12.501

7.4620
8.2911
9.9218
11.922
14.133

8.1412
9.0505
10.588
12.496
14.638

Mode sequence number
2 3 4 5

5.7188
6.4925
8.5074
10.697
12.985

6.1244
6.6835
8.6097
10.798
13.099

7.0325
7.8895
8.9019
11.057
13.363

9.2688
10.893
11.598
12.068
13.718

11.112
13.258
14.543
15.222
15.709

12.216
14.842
16.978
18.105
18.774

10.478
15.685
21.286
26.439
31.370

12.828
19.101
24.767
29.447
33.835

14.901
20.447
26.822
32.874
38.185

15.875
21.573
27.710
33.874
39.931

17.354
23.384
28.908
34.790
40.822

19.456
25.984
30.640
35.985
41.758

14.667
20.253
27.199
33.904
40.506

14.849
21.233
28.226
34.435
40.806

15.620
24.442
33.233
37.934
42.446

17.358
27.322
35.763
41.369
45.822

18.955
30.151
38.846
44.237
48.826

20.429
32.712
42.205
47.240
51.670

16.198
23.350
30.959
38.783
46.700

19.108
25.169
31.551
39.452
47.467

22.236
31.332
35.102
42.325
50.310

24.779
35.577
41.706
48.761
56.086

26.898
38.246
45.412
54.249
62.539

28.717
40.679
47.662
57.791
67.462

6

17.740
39.067
54.191
67.105
78.135

20.670
40.771
55.140
67.883
79.116

26.757
45.953
58.711
70.446
81.516

28.719
48.105
64.895
75.822
85.475

29.230
48.455
65.165
80.643
91.721

29.560
48.854
65.439
80.947
95.593

7

23.378
41.309
61.257
72.519
82.617

25.224
43.869
64.297
74.777
83.928

28.574
47.804
64.603
79.117
87.714

30.550
53.189
66.646
80.337
92.523

33.529
57.553
78.490
84.863
95.510

36.373
61.270
89.715
94.829
100.24

8

25.396
47.801
64.142
80.311
95.602

26.263
47.991
65.029
80.534
95.695

29.353
49.828
73.823
82.017
95.962

31.598
58.461
79.353
87.049
96.600

34.148
70.164
84.548
92.527
99.549

36.781
74.749
89.939
99.532
105.85
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Table 6 Frequency parameters A = aab Jp/zo/A) for the
CFFF shallow shells with y -varying thickness

' = 0.3, a/b = 5,0, fc/ / io=100, a* = 1.0

b/Ry

0.0

0.1

0.2

0.3

0.4

0.5

Oiy

0.0
0.5
1.0
1.5
2.0

0.0
0.5
1.0
1.5
2.0

0.0
0.5
1.0
1.5
2.0

0.0
0.5
1.0
1.5
2.0

0.0
0.5
1.0
1.5
2.0

0.0
0.5
1.0
1.5
2.0

1

0.47788
0.53643
0.67954
0.86573
1.0729
0.82270
1.0051
1.0985
1.2192
1.3687
1.4165
1.7786
1.8524
1.9203
2.0077
2.0429
2.5905
2.6669
2.7069
2.7563
2.6643
3.4030
3.4945
3.5165
3.5401
3.2649
4.2000
4.3217
4.3299
4.3337

Mode sequence number
2 3 4 5

2.9575
3.3372
4.2536
5.4052
6.6743
5.0705
5.4709
6.7533
7.5143
8.4455
5.8842
5.5511
6.8604
8.7564
10.938
6.0040
5.6604
6.9463
8.8291
11.008

6.1576
5.7960
7.0532
8.9210
11.088
6.3472
5.9575
7.1748
9.0283
11.183

5.7369
5.4417
6.7835
8.6918
10.883
5.8031
6.1599
6.8035
8.7129
10.906
8.6506
10.800
11.283
11.732
12.305
12.164
15.466
16.169
16.457
16.804

14.970
17.880
21.104
21.286
21.496
16.730
18.787
22.897
25.970
26.180

8.1199
9.2806
11.935
15.113
18.561
13.818
16.446
18.372
20.552
23.149
17.553
17.043
21.156
26.809
32.866
18.536
17.836
21.621
27.209
33.575
20.357
20.986
22.212
27.741
34.043

23.255
25.629
25.991
28.510
34.651

15.355
16.459
20.749
26.473
32.918
17.042
16.796
20.854
26.571
33.022

22.905
28.411
30.089
31.511
33.566
28.072
31.167
38.469
43.643
44.909

30.409
33.289
40.268
49.040
56.591

32.618
35.731
42.390
50.855
60.338

6

16.742
18.009
23.469
29.566
36.018
25.805
28.298
34.607
38.944
43.936
29.281
29.804
37.074
46.440
56.578
35.592
40.723
42.454
47.645
57.789

44.126
51.477
54.364
55.947
59.497

51.037
57.507
65.210
64.825
64.093

7

23.959
27.973
35.868
45.482
55.946
27.484
30.957
36.178
45.797
56.313
38.861
43.889
54.814
58.065
61.843
42.359
47.642
58.483
64.816
64.082

46.468
52.279
62.408
64.819
64.086

51.299
60.346
65.270
67.642
69.233

8

26.688
29.426
38.928
48.759
58.852
36.460
41.317
53.472
61.730
64.077
43.107
51.197
55.431
64.815
64.079
53.763
64.063
65.228
71.128
81.534

53.770
64.068
65.237
74.465
87.674

53.781
64.075
67.055
78.421
91.119

u

V

w
Frequency
Parameter

Mode Shapes

Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode i

•H

8.1412 12.216 19.456 20.429 28.717 29.560 36.373 36.781

Fig. 6 In-plane and transverse vibration mode shapes of the CFFF cylindrical shell with v = 0.3, a/b = 1.0, b/ho = 100, b/Ry = 0.5, GLX = 1.00,
and ay = 0.00.

associated with higher physical frequency of vibration and,
hence, higher shell structural stiffness. However, for certain
lower modes with o^ = 1.0 in Tables 3 and 4, X decreases and
may reach a minimum value before it magnifies subsequently.

Moreover, the results in Tables 3-6 also illustrate that a
deeper shell (higher value of b/Ry) has higher values of X and,
consequently, higher values of the physical frequency w, as-
suming b remains constant. Therefore, the shell structural
stiffness increases for a deeper shallow shell.

A set of the in-plane and transverse vibration mode shapes
for different thickness variation ratios are given in Figs. 3-7.
The selected shells have specifications i> = 0.3, a/b = 1.0,
b/ho = 100, and b/Ry =0.5. Shaded regions possesses nega-
tive displacement amplitude whereas unshaded regions do not.
The lines of demarcation in between shaded and unshaded
regions are the nodal lines of vibration. For ay = 1.0, the
modes are either x symmetric or x antisymmetric. However,
no symmetry is observed for o^ = 1.0 and ay ^ 1.0. Further-
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Frequency
Parameter

Mode Shapes

Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8

14.638 18.774 41.758 51.670 67.462 95.593 100.24 105.85

Fig. 7 In-plane and transverse vibration mode shapes of the CFFF cylindrical shell with v = 0.3, a/b = 1.0, b/ho = 100, b/Ry = 0.5, ax = 1.00,
and ofy = 2.00.

more, contour lines are comparatively more densely dis-
tributed for those regions with very thin thickness indicating
abrupt changes in in-plane and transverse displacement ampli-
tude. The higher modes have more nodal lines and are more
complex in nature.

IV. Conclusions
A computational model based on the pb-2 Ritz energy

approach is developed to simulate the vibratory response of
variable thickness cantilevered shallow cylindrical shell of
rectangular planform. This method is relatively simpler, highly
versatile, more accurate, and less costly in computational
preparation and implementation as compared to the other
numerical approaches. The global pb-2 shape function, which
is formed from the product of a set of mathematically com-
plete two-dimensional polynomials and a basic function, satis-
fies the geometric boundary conditions of the cantilevered
shallow shell explicitly. A linear two-dimensional thickness
variation function is also introduced in the formulation to
simulate the shells of nonuniform thickness.

Numerical convergence of the eigenvalues is established as
the degree of polynomial increases, as shown in Table 1.
Comparison with experimental and finite element results is
presented in Table 2, which reveals a better and superior pb -2
Ritz approach over the finite element method with respect to
the experimental data. Incorrect mode shape arrangement us-
ing the finite element method is also discussed at length. The
present method can also be used to simulate a flat plate by
assigning Ry-+<x>.

Extensive numerical results are presented in Tables 3-6 for
wide ranges of shell aspect ratio, shallowness ratio, and thick-
ness variation ratios. It is noted that the shell structural stiff-
ness is greatly dependent on the increases in thickness varia-
tion ratios. It is also found that a deeper shallow shell exhibits
higher physical frequencies and, hence, higher structural stiff-

ness. A set of vibration mode shapes for different thickness
variation ratios is presented in Figs. 3-7.
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